We investigate the three types of class B Bianchi cosmologies filled with a tilted perfect fluid undergoing velocity diffusion in a scalar field background. We consider the two most important cases: dust and radiation. A complete numerical integration of the Einstein field equations coupled with the diffusion equations is done to demonstrate how the presence of diffusion can affect the dynamics of cosmological evolution, where the most attention is paid to changes to the late-time behaviour. We show that aside from quantitative effects, diffusion can result in significant qualitative differences. For example, the cosmologies may recollapse if diffusion is sufficiently strong, or evolve towards the de Sitter state otherwise. In constrast to the diffusionless case, radiation isotropizes in presence of diffusion, and the tilt decreases exponentially at later times: V ∼ e −0.25τ ; also, we determine the decay rates of energy density, which become slower when the diffusion term is non-zero.
I. INTRODUCTION
In recent years a lot of efforts have been done to investigate diffusional effects both in special and general relativity (see e. g. [1] [2] [3] [4] [5] [6] [7] [8] and references therein). In cosmology, diffusion is not considered to be a fundamental phenomenon, but rather a model to describe the interaction between two different media. In one of the simplest situations these media can be represented by a perfect fluid and a cosmological scalar field [5] [6] [7] [8] . A common assumption for cosmology is that the role of fluid particles is played by galaxies in space.
It was shown in [5] how the concept of cosmological constant can be generalized to take diffusion into account. In this case, the cosmological fluid is undergoing velocity diffusion on a scalar field background, which may be associated with cosmic dark energy [7] . The authors investigated a simple FRW cosmology and demostrated that presence of diffusion can lead to some interesting effects which do not appear in the standard diffusionless models with a cosmological constant.
In [8] we followed [5] and considered a plane symmetric G 2 cosmology with diffusion to get a hint on diffusional effects in spatially inhomogeneous and anisotropic cosmologies.
We used the orthonormal frame approach [9] and derived the diffusional corrections to the equations governing the dynamics of the universe. The solutions of Einstein field equations coupled with the diffusion equations were studied numerically, and the discovered effects were described. The current paper is a logical continuation of [8] .
The systematic study of anisotropic Bianchi cosmologies started with a pioneering work of Ellis and MacCallum [10] , where the authors applied the general orthonormal frame method to cosmology. Since then, a lot of investigations, both analytical and numerical, have been done. In particular, attention has been paid to cosmologies of types III=VI −1 [11, 12] , IV [13] , and V [14] [15] [16] , belonging to class B. It has been shown that in the general case without a cosmological constant these three cosmologies demonstrate completely different behaviour.
Also, allowing for a tilted fluid can result in some new interesting phenomena. Considering Bianchi models with tilted fluid taking part in diffusional interactions may be the next step to a deeper understanding of the dynamical properties of anisotropic universes. Bianchi type V universes, the open FRW model [17] , are of special interest.
The paper is organised as follows. In section II we briefly describe the diffusion model and explain how the diffusion is coupled to the Einstein field equations. The dimensionless scale-independent variables are introduced in section III. In section IV we write down the equations and constraints governing the dynamics of the considered cosmological models and also discuss the initial conditions. Section V is devoted to results of analytical and numerical investigations. Summary is presented in section VI.
II. THE DIFFUSION MODEL
Here we shall outline the main idea behind the model of diffusion proposed in [5] [6] [7] . The geometry of the spacetime is described by the Einstein field equations
assuming 8πG = c = 1. To satisfy the condition ∇ α T αβ = 0, imposed by the Bianchi identities, we consider a two-component energy-momentum tensor
where the first part T αβ is the energy-momentum tensor of the perfect fluid, while the second oneT αβ = −φg αβ corresponds to the scalar field. The interaction between the two systems is governed by the diffusion equations:
Here D > 0 is the dimensionful constant of diffusion, J α is the current density, k is the number of fluid particles per unit volume, andû α is the 4-velocity of the fluid defined by the fluid flow.
The scalar potential φ representing vacuum energy is in fact a generalization of the cosmological constant. Namely, φ, which is assumed to be positive, reduces to "ordinary" cosmological constant in the absence of diffusion (D = 0) or in vacuum (T αβ = 0). It is therefore logical to write the modified field equations with the φ-term on the left-hand side:
The energy-momentum tensor of the perfect fluid T αβ is given by
wherep andρ stand respectively for pressure and density of the fluid and are measured by the observers following the fluid flow. We choose the fluid to obey the barotropic equation
where 0 < γ < 2 is a constant defining the kind of the fluid. The two most important cases are those of dust (γ = 1) and radiation (γ = 4/3).
In this paper we are considering cosmologies where the 4-velocity of the fluid is not parallel with the hypersurface-orthogonal Gaussian normal vector n = ∂/∂t [18] ; t is by this defined as the proper time of observers whose worldlines are orthogonal to the surfaces of homogeneity. We have chosen the fundamental observers to follow the congruences defined by the vector field n α to avoid singular behaviour which is possible for observers comoving with the fluid flow [14] .
III. DIMENSIONLESS VARIABLES
Within the orthonormal frame approach [9, 10] , the geometry of spatially homogeneous cosmologies, in particular the Bianchi models [17, 19, 20] , is described in terms of the following dimensionful variables: shear variables σ ab ; curvature variables a c and n ab ; and angular velocity Ω a . Furthermore, we use the spatial frame with a c = (a, 0, 0); and the angular velocity Ω a is chosen to satisfy
The component Ω 1 is left undetermined at this stage and is used later to eliminate the remaining gauge freedom [21] .
In the dynamical systems method [17] it is common to introduce dimensionless, scaleindependent variables. We choose the Hubble scalar H to be the normalization factor and introduce the normalized geometrical variables by
The Hubble-normalized shear Σ ab and curvature N ab are then parametrized as follows:
We write the normalized variables as functions of dimensionless time τ . The latter is related to the proper time t by
It is also convenient to introduce the deceleration parameter q by
so that
where the prime denotes the derivative over τ . The fluid variables are normalized by
Note that by (16) the number density of particles k and the constant of diffusion D are now encapsulated into a single variable, namely the diffusion term K.
IV. EVOLUTION EQUATIONS AND CONSTRAINTS
A. Bianchi models of type V
The class of Bianchi type V cosmologies is given bȳ
The gauge freedom contained in the variable R 1 can in this case be used to set
The equations of motion for a general tilted type V model in presence of diffusion become:
The equations for the fluid are:
where
The variables are subject to the following constraints:
The state vector describing the given cosmological model is by this
modulo the constraints (37)-(39). Therefore, the evolution takes place on a 7-dimensional subspace of a 10-dimensional manifold; the dimension of the physical state space is seven.
B. Bianchi models of types III and IV
Bianchi cosmologies of type III=VI −1 are given by
while type IV is defined by
In both cases we use the gauge freedom to set N − = 0 and introduce new geometrical variables N and λ by
For type III models λ is a function restricted by |λ| < 1, while for type IV cosmologies λ = ±1
and is a constant.
The equations of motion for the general tilted type III model with diffusion are written as follows:
These variables are subject to the following constraints:
The complete system for a general Bianchi type IV cosmology can be obtained by setting λ = ±1 in the system (44)-(68), omitting (69). In particular, this turns the evolution equation (50) for λ into an identity.
The state vector of a Bianchi type III model is by this
modulo the constraints (65)-(69). For type IV we exclude λ from the list of variables and equation (69) from the list of constraints. So, the evolution takes place on a 9-dimensional subspace of a 14-and 13-dimensional manifold for type III and type IV cosmologies, respectively. In both cases, the physical state space is 9-dimensional.
Thus, taking diffusion into account results in certain changes in the equations for the fluid; namely, the evolution equations for the energy density Ω, the scalar potential Φ, and the tilt variables v a are modified by presence of extra terms. Also, the system gets an additional equation arising from the current density conservation (5).
C. Initial conditions
We are particularly interested in investigating the dynamics of cosmologies being initially 
Regarding the initial value K 0 of the diffusion term K, to investigate the diffusional effects we consider different values from the interval
Since the Bianchi models possess certain symmetric properties, we can choose the positive initial values for λ without loss of generality:
2/3, for type III.
The initial value of Φ is determined by the Hamiltonian constraint (37) or (65) As a result, the initial values of the tilt components are determined by the model type and the value of γ, see Table I .
Type For every case considered the numerical integration of the complete system has been done over a wide time range (−40 < τ < 25). Note however that shown in the figures are relatively narrow intervals of the time axis. This is made for illustrative purposes.
Due to the feature that type IV models demonstrate the same qualitative and nearly the same quantitative behaviour as type III universes, most results are shown for type III cosmologies. Unless stating otherwise, the descripton of dynamics of type III models is also valid for type IV. The most essential difference between these models is encapsulated in the specific λ-variable, see section V G.
A. Recollapsation
In the absence of diffusion the scalar potential represents "ordinary" cosmological constant, which ultimately dominates the evolution. At later times the models enter the accelerated (namely, exponential) expansion stage, and the geometries asymptotically approach the de Sitter state:
Regarding the tilt, only fluids with γ < 4/3 isotropize, but ones stiffer than radiation do not. So, in the absence of diffusion we observe V → 0 for dust and V → V * for radiation, where 0 < V * < 1. Such behaviour is also predicted teoretically by the cosmic no-hair theorem [21] [22] [23] [24] .
The situation is different if one allows for a positive initial value of the diffusion term K.
The no-hair theorem is no longer applicable because of the "self-interacting" energymomentum tensor (2) . The simulation shows that the models with diffusion evolve towards the de Sitter state only if the diffusion term is initially small enough; higher values of K 0 cause the universes to recollapse (the same has been discovered before for FRW and G 2 cosmologies, see [5] and [8] respectively). If the initial conditions for all the variables excluding K are fixed, the "critical" value K r (the minimal value of K 0 at which the universe recollapses), is determined by the model type and the kind of the fluid. The values of K r , and also the timepoints τ r of recollapsation (the moments when the dimensionless variables run into singularity) are given in Table II . It can be seen from the table that dust-filled models are less sensitive to diffusion. Namely, recollapsation in the case of dust arrives at later times, for example for Bianchi type III cosmologies we observe τ r = 4.58 for radiation against τ r = 5.13 for dust. Also, the critical initial values K r of the diffusion term for dust are approximately 20% higher than those for radiation. This difference can be expected from an examination of the systems of equations in sections IV A and IV B. Setting γ = 1 eliminates the diffusional parts in equations (27)- (28) and (54)- (56); also one of the terms in the diffusion equation (29), (57) vanishes. So, one can say that Since the quantitative behaviour of Bianchi type III and type IV cosmologies with diffusion is in fact nearly the same, so are the values of K r for these models (see Table II ).
However, type IV models are observed to recollapse at later times, which possibly can be explained by different nature of the λ-variable.
Further in this paper we restrict our consideration to the cases with K 0 < K r only, since ever-expanding models are of particular interest.
B. Isotropization of radiation
For the dust-filled cosmologies, the diffusion impact on the fluid velocity dynamics is negligibly small. In fact, the tilt is slightly reduced at higher values of K 0 , but the reduction does not exceed 1% even in the cases when diffusion is extremely strong (K 0 → K r ). At sufficiently late times the tilt of dust decays exponentially: V ∼ e −τ . The dynamics of the tilt in the dust-filled Bianchi III model can serve as a typical example, see Figure 1 , left. Moreover, the higher the value K 0 is, the smaller the proportionality constants are; that is, stronger diffusion causes more significant reduction of the tilt.
As an example, the tilt evolution in radiation-filled Bianchi type III universes is demonstrated in Figure 1 , right. The solid lines in the figure correspond to different initial values of K 0 = 0.02; 0.04; 0.06; 0.08 (the higher K 0 , the lower the curve). The case without diffusion is shown by the dashed line.
C. Future asymptotic behaviour of energy density and scalar potential
The simulation results show that presence of diffusion changes the future asymptotic form for the energy density Ω in ever-expanding universe models. More precisely, in the diffusive case Ω is decreasing slower than in the absence of diffusion.
For the radiation-filled models, at sufficiently late times
The situation is more complicated for cosmologies filled with dust. The leading terms can be written as
Here C K , C Ω are two constants; moreover, C K is actually the proportionality constant in the asymptotic expression for the diffusion term K, see section V D, later. Both terms play a substantial role, since C Ω is found to be sufficiently large. For example, numerical investigation of a dust-filled type V model yields C K ≈ 2.60, C Ω ≈ 15.82 at K 0 = 0.03, and C K ≈ 14.64, C Ω ≈ 18.71 at K 0 = 0.07.
The statement that the energy density of radiation decreases faster than that of dust (see e. g. [19] ) holds also in the diffusive case. However, the ratio Ω rad /Ω dust decays significantly faster when diffusion is absent. On the other hand, the future asymptotic form for the scalar potential is described by
both for dust and radiation and is in fact independent of diffusion. The only effect on the scalar potential is quantitative; namely, the stronger the diffusion is, the less rapidly the potential grows. This can be seen in Figure 3 , where the dynamics of Φ is given for type III 
D. Diffusion term dynamics
For non-recollapsing Bianchi models the diffusion term K is asymptotically zero in the past and first grows monotoneously. It passes K 0 at τ = 0 and reaches its maximal value at some positive time τ K . After that, K starts to decrease monotoneously and tends exponentially to zero in the future: K ∼ e −3τ at sufficiently late times both for dust-and radiation-filled models of considered types.
One can introduce two characteristical timepoints to mark the beginning and the end of the stage of cosmological evolution where the diffusion term is significant. Then, for all the considered models increasing K 0 leads to the following effects: the starting point for the diffusion stage is shifted to the left and the end point to the right, the latter being much more significant; the maximal value of the diffusion term becomes reached at later times and is higher at larger values of K 0 .
The dynamics of the diffusion term K for type III universes filled with dust and radiation is shown in Figure 4 One can also see from Table III that for the same model type, the position of timepoint τ K in fact does not depend on the kind of the fluid when diffusion is weak enough, while at higher values of K 0 this characteristical timepoint arrives later for dust. This is explained by the fact that at the same relatively high value of K 0 the radiation-filled model is closer to its critical point K r , since the values of K r for the dust are higher than for radiation, as mentioned in section V A.
E. Quantitative impact on geometrical variables
From a physical point of view, presence of diffusion enables energy transfer between the two particle systems; namely, in our case energy is transferred from the scalar field to the matter and thus slows down the process of cosmological evolution [5, 8] . As we have shown in section V C, the additional energy changes the asymptotical behaviour of energy density and makes this quantity decrease in a slower manner than without diffusion. Although the late-time behaviour of the geometrical variables is not affected qualitatively, this leads to some typical quantitative effects. The more intense the diffusion is, the stronger these effects become.
For any particular moment in time τ > 0 the energy density of the fluid is higher if the diffusion is present, the other conditions being the same. This also holds for the geometrical variables, that is
at a fixed time τ > 0, where Y G denotes a geometrical variable, and K 02 > K 01 are some certain initial values of the diffusion term. In particular, the maxima of |Y G (τ )|, if any, become more significant as diffusion grows stronger.
If one introduces some characteristical timepoints describing the evolution of a geomertical variable Y G , these points are shifted to the right under conditions of stronger diffusion.
Particularly, the maxima and minima of |Y G (τ )|, if observed, will appear at later times.
To visualise these effects, we demonstrate the dynamics of the curvature variables A and N for radiation-filled Bianchi type III universes at different initial values of diffusion term, see In Table IV There can be other ways to describe the diffusional effects. At a fixed timepoint the geometrical variables achieve greater absolute values at stronger diffusion, their future asymp-totic form remaining unchanged. So, diffusion affects the proportionality constants such 
F. Past dynamics of the models
Qualitatively, presence of diffusion affects neither the past asymptotic state of the considered models nor the past dynamics of the universe. Independently of the fluid type, at earlier times the solution of the system is asymptotically an extremely tilted Kasner solution:
Quantitatively, the effect of diffusion on the past dynamics is very subtle. For example, the values of Ω and Φ at −1 < τ < 0 in the case with diffusion are slightly different from those in the diffusionless case. This can be seen in Figures 2 and 3 .
G. The asymptotic value of λ in Bianchi type III models
As the geometry of the model evolves towards de Sitter, the λ-variable tends to some positive constant value: λ → λ ∞ , 0 < λ ∞ < 1. The asymptotic value of λ is affected by the initial value of diffusion term; namely, λ ∞ is reduced as K 0 grows.
The behaviour of λ at positive times for dust-and radiation-filled Bianchi type III universes is demonstrated in Figure 6 of diffusion on radiation-filled models is greater and leads to a more significant reduction
The numerical data are demonstrated in Table VII. The table shows 
VI. SUMMARY
We have used the dynamical systems approach to perform an analysis of the dynamics of fully tilted dust-and radiation-filled Bianchi models of types III, IV, and V in presence of diffusion. In particular, type V cosmologies appear to be less subject to the diffusional effects than the other two types under consideration.
Aside from the typical quantitative differences, diffusion can drastically change the dynamics of Bianchi cosmologies from a qualitative point of view. The cosmic no-hair theorem is not valid for the models with diffusion, and future recollapsation of the universe becomes possible if diffusion is strong enough, in contrast to the standard diffusion-free models with a positive cosmological constant. When recollapse does not happen, the models evolve towards the de Sitter state of accelerated expansion.
Another key result is the isotropization of radiation in Bianchi models with diffusion.
We have shown that at late times radiation becomes asymptotically non-tilted, while this never happens in the diffusionless case; namely, the tilt components decrease exponentially at later times with v 1 , v 2 , v 3 ∼ e −0.25τ . At the same time, the tilt dynamics for dust is not significantly affected by diffusion. These discovered features may require a further investigation to find how diffusion can change the late-time behaviour of the tilt of an arbitrary γ-fluid.
Also, we have calculated the decay rates of the energy density in models with diffusion and shown that this quantity decreases slower compared to the case when diffusion is absent:
without diffusion;
Ω rad ∼ e −3τ , Ω dust → (C K · τ + C Ω )e −3τ , with diffusion.
On the contrary, the future asymptotic behaviour of the scalar potential and the geometrical variables is not significantly changed in presence of diffusion.
The diffusion term asymptotically approaches zero both in the past and in the future, but experiences a maximum at some positive timepoint. At later times the diffusion term has been found to experience an exponential decay, K ∼ e −3τ .
In type III cosmologies, diffusion has been shown to affect the future asymptotic value of the λ-variable. Namely, the stronger the diffusion, the more significantly λ ∞ is reduced.
At relatively high initial values of diffusion some changes appear in dynamics of the shear variables in cosmologies of types III and IV. The found behaviour is observed in the absence of diffusion only at substantial deviations from the Robertson-Walker-approaching initial
